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“The more perfect a nature is,
the fewer means it requires for its operation.”
Aristotle (350 B.C.)

Introduction

Diversification is the only “free lunch” in finance and can be used to reduce risk by simply spread-
ing out investments across as many assets as possible. This is the dogma we teach students for
more than 50 years since Markowitz published his pathbreaking study in 1952 on optimal diver-
sification using the Mean-Variance Theory (MVT). Diversification is a straightforward, intuitive
and powerful idea that is deeply rooted in our profession and has heavily influenced thinking and
analysis in all areas of finance. The so-called diversification principle has attained almost univer-
sal applicability by transcending across most business disciplines, including, for example, strategy,
marketing and human resources. Despite its apparent importance, the implementation of diversifi-
cation has not been particularly successful. For example, MVT dictates that investors should hold
proportions of the mean-variance efficient portfolio that allocates across all assets. However, there
is widespread evidence that professional investors and private households systematically ignore this
advice and tend to concentrate their wealth on a handful of assets. At the same time, numerous
studies demonstrate that efficient portfolios are hard to be exploited since data limitations lead
to parameter estimation errors and defuse the possibility of realising diversification gains.! Al-
though considerable effort has been devoted in developing techniques that reduce the adversities of
estimation risk, success has not been impressive.? As characteristically concluded by DeMiguel et
al. (2009a) in an extensive recent horserace between naive diversification and several sophisticated
portfolio strategies: “there are still many miles to go before the gains promised by optimal portfolio
choice can actually be realized out of sample”.

The present study attempts to reconcile academic research with investment practice on the
issues of diversification and portfolio choice. We reaffirm the practical superiority of mean-variance
portfolio optimisation. However, when estimation risk is present, we show that “less is more” in the
sense that diversification benefits can be maximised only if an optimally selected subset of the asset
space is considered. We demonstrate that increasing the number of assets beyond some point is not
only useless, as is the orthodox view and popular belief, but leads to an increasingly suboptimal
out-of-sample performance. This is because after some point the negative effects of estimation risk
gradually overcome the marginal benefits of diversification. The addition of a new asset expands
the number of parameters that have to be estimated and this in turn deducts valuable degrees of
freedom. Estimation risk is the price you pay for diversification.

Existing portfolio choice models generally derive estimates of the portfolio weights and apply

them to the entire asset space. However, empirical evidence suggests that the accuracy of these

'For instance, see Michaud (1989), Best and Grauer (1991), and Litterman (2003).
2See Brandt (2009) for an excellent survey on the literature of optimal portfolio choice.



estimates decreases with the number of available assets. For example, Tu and Zhou (2009) find
that their portfolio rules perform better in smaller datasets and wonder if there is an optimal
number of assets that improves performance. Such empirical evidence motivates our approach in
reducing the number of assets prior to computing the portfolio weights. Removing assets from
a portfolio is equivalent to imposing the constraint that the weights on the eliminated assets are
zero. On the one hand, this constraint introduces specification error since the ex ante portfolio
weights are generally non-zero. On the other hand, it reduces sampling errors since there are fewer
weights to be estimated and more degrees of freedom become available. If the performance gains
from reducing the estimation errors exceed the losses due to the introduction of specification error,
the constrained asset space should be preferred over the initial space. Our approach optimises
the performance of sample-based portfolios by utilising the trade-off between specification and
estimation error, respectively.

We formulate under general conditions the optimal asset selection problem for a mean-variance
investor, i.e., the problem of choosing the set of assets that maximises the expected out-of-sample
performance of his portfolio strategy. We employ the average expected utility as a measure of out-
of-sample performance due to its analytical tractability and to the straightforward correspondence
it has to the investor’s objective function. When the investment universe contains a small number
of assets then the optimal subset can be easily determined in an exact manner. For larger asset
spaces we provide a simple stepwise procedure that can be used to obtain a near optimal subset.
Our framework is particularly attractive since it can be adapted to most portfolio choice models.
Different performance measures such as the Sharpe ratio can also be readily incorporated. Even
though we adopt the normal distribution for the exposition of our approach, modifications for
alternative distributions are straightforward.

To illustrate the potential of our methodology, we first apply the asset selection framework to the
sample mean-variance portfolio strategy. This is the ‘textbook’ strategy which under the assump-
tion of parameter certainty produces optimal results for investors. We also adapt our framework to
the sample-based global minimum variance portfolio and the equal-weighted 1/N rule, respectively.
The first portfolio strategy is commonly suggested in the portfolio choice literature as an alternative
to the sample tangency portfolio (e.g., see Jagannathan and Ma, 2003). Even though this portfolio
is not designed to maximise the mean-variance objective, it is well known that it generally outper-
forms the tangency portfolio since it is less sensitive to estimation risk.> The second strategy is
widely used by investors (see, for example, Benartzi and Thaler, 2001, and Huberman and Jiang,
2006). DeMiguel et al. (2009a) study the efficiency of the 1/N rule and find that it surprisingly
leads to superior out-of-sample performance in comparison to many other sophisticated approaches.
Although the two alternative strategies we consider have little or no sensitivity to estimation risk,
our asset selection approach can improve their performance. This is because our approach aims to

adapt these strategies to the mean-variance objective function of the investor and determine those

3 An empirical comparison between these two portfolios is provided by Jagannathan and Ma (2003) and DeMiguel
et al. (2009a). An analytical comparison can be found in Kourtis et al. (2009).



assets that maximise it. An interesting result we find here is that for the global minimum variance
portfolio and the 1/N allocation, the optimal set of assets turns out to be a function of the coeffi-
cient of relative risk aversion of the investor. This is in contrast to the two-fund separation theorem
of Tobin (1958) which states that all investors should hold the same composition of risky assets.
As will be discussed in a later section of the paper, this result allows an alternative explanation to
the asset allocation puzzle.

Several useful links can be drawn between our paper and the existing literature. Firstly, although
asset selection is a longstanding approach in finance, we are the first to consider the effect of
estimation risk in this context. Previous studies account for factors such as transaction costs
(e.g., Mao, 1970; Jacob, 1974; Brennan 1975) or financial constraints such as margin requirements
and restrictions on borrowing (e.g., Liu, 2009; Roche et al., 2009). Secondly, the literature on
mean-variance spanning, initiated by Huberman and Kandel (1987), also investigates if a smaller
subset of assets is preferable to the whole asset space. However, estimation risk is not considered
since mean-variance spanning tests whether the ex ante weights on the eliminated assets are zero.
Our paper shows how this hypothesis can be relaxed in the presence of parameter uncertainty.
We particulary provide an upper bound for the weights on the eliminated assets. Thirdly, there
are several studies that result in a reduced asset space by imposing constraints on the portfolio
weights, such as no-short-selling, in order to reduce the undesirable effects of sampling errors
(see, for example, Frost and Savarino, 1988; Jagannathan and Ma, 2003; DeMiguel et al., 2009b).
Contrary to our approach, these constraints do not improve the performance of sample tangency
portfolios significantly as Jagannathan and Ma indicate (2003). Nevertheless, our analysis offers
an alternative theoretical explanation on why such approaches lead to improved portfolios since
they result in a smaller set of assets. Finally, our approach is related to Britten-Jones (1999) who
shows that mean-variance efficient weights can be considered as regression coefficients with the
excess returns on the risky assets as the independent variables. Intuitively, optimal asset selection
is analogous to explanatory variable selection in a linear regression model. In fact, the stepwise
procedure we propose for the solution of the asset selection problem in large asset spaces is inspired
from this analogy.

In our empirical analysis, we evaluate the out-of-sample performance improvements obtained
from optimal asset selection in four datasets of monthly actual returns corresponding to 5, 10, 25
and 50 assets, respectively. In each dataset, we solve the optimal asset selection problem for each
portfolio strategy adopting four different sample sizes (120, 240, 360 and 480 months) and two
risk aversion coefficients (1 and 3). We then investigate the performance of the strategies in the
corresponding optimal set of assets in terms of expected utilities and their standard error as well
as in terms of out-of-sample Sharpe ratios and certainty equivalent returns. Our results clearly
illustrate that optimal asset selection can enhance considerably the out-of-sample performance of
portfolio rules in the presence of estimation risk. This finding is consistent across both simulated
and real datasets and across all considered measures. As expected, the improvement is more

prominent when asset spaces are large and/or when sample sizes are small, because in these cases



estimation errors are typically large.

Particularly noteworthy is the enhancement in the performance of the mean-variance strategy.
For example, when the available risky assets are 50 and the estimation window contains 120 months,
the application of the sample mean-variance strategy to the entire set of available assets produces
an annualised expected utility of -1,539% and a Sharpe ratio of 14.67%. If the asset space is
contracted to its optimal subset, the utility and the Sharpe ratio raise to 21.55% and 22.51%,
respectively. We find that the improvement offered by our approach is equivalent to investing in
the original asset space but with a sample size which is larger by a factor which ranges between 2
and 5. Performance comparisons between the sample tangency portfolio and the two alternatives
considered allow another interesting conclusion to be drawn. In particular, optimal asset selection
leads to sample mean-variance portfolios that outperform their competitors with a sample size that
does not exceed 240 months. This result resolves the issue raised in the studies of Kourtis et. al.
(2009) and DeMiguel et al. (2009a) who find that an unrealistically lengthy dataset is needed for
the mean-variance rule to beat the minimum variance and 1/N portfolios, respectively (e.g, up to
6,000 monthly observations for 50 assets).

Our paper allows novel explanations to three longstanding puzzles in finance. First, it is well
known in the literature that investors deviate from the MVT paradigm recommendations and
concentrate their wealth in a small number of assets. Our analysis offers some justification to this
practice. In particular, a striking recommendation that stems from our results is that the optimal
application of mean-variance optimisation under estimation risk leads to underdiversification. This
is because given that portfolio weights are typically computed using less than 20 years of monthly
data, we find that the number of optimal assets is small for all strategies considered and varies
from 1 to 5.* Second, several studies since French and Poterba (1991) demonstrate that U.S.
investors defy the potential benefits of international diversification and exhibit what is known as
‘home bias’. Our approach offers a rational explanation to this behaviour. We specifically apply
our methodology to a dataset consisting of national market index returns for five major stock
exchanges. Solving the optimal asset selection problem for the three portfolio strategies leads to a
result surprisingly consistent with the existing empirical evidence. The optimal investment set for
a U.S. investor who allocates using the mean-variance strategy contains only the domestic index
if less than 45 years of monthly historical observations are used. The same result also applies to
the 1/N strategy while the investor that adopts the minimum variance strategy places 74% of his
wealth on the US index. Finally, an empirical inconsistency that can also be explained by optimal
asset selection is the asset allocation puzzle introduced in Canner et al. (1997). They document
that the more risk averse an investor is, the more he tends to allocate his wealth towards bonds
rather than stocks. However, this finding contradicts the two-fund separation theorem. Using a
simple example, we are able to demonstrate that optimal asset selection for the minimum variance

portfolio and the naive diversification leads to results that are in line with this puzzle. Specifically,

4Interestingly, this result is in agreement with the largely forgotten views on asset allocation by Keynes who
suggested investing heavily in only a few assets (Keynes, 1983). Recently, an insightful study by Boyle et al. (2009)
also relates the views of Markowitz and Keynes on asset allocation relying on the concept of ambiguity aversion.



we consider two investors with different levels of risk aversion who invest in a market consisting of
a bond and a stock. We then solve the optimal asset selection problem for the two aforementioned
portfolios. Our results indicate that the more risk-tolerant investor should just hold the stock for
both the minimum variance portfolio and the 1/N strategy. However, the optimal set of assets for
the risk-averse investor also includes a large proportion of the bond.

Lastly, it is necessary to modify our asset selection approach in order to make it applicable
to portfolio management applications, because the optimal set of assets is a function of unknown
parameters. In accordance, we provide well-behaved estimates of these parameters and solve the
(estimated) asset selection problem for the three portfolios in various simulated datasets. The
solution also results in significant improvement in the portfolios’ performance constituting optimal
asset selection a powerful tool in the practice of investment management.

The remainder of the paper is organised as follows. Section I sets the asset selection framework
for a mean-variance investor. Section II formulates the optimal asset selection problems for the three
portfolio strategies under consideration. The solution to these problems along with implications for
out-of-sample performance is investigated in various datasets and settings in Section III. Section IV
demonstrates how our analysis and results can be used to explain the underdiversification puzzle,
the home bias puzzle and the asset allocation puzzle, respectively. Section V provides directions
for the practical implementation of our approach while Section VI concludes. The mathematical

derivations are provided in the Appendix.

I The Optimal Asset Selection Problem

In this section, we develop the asset selection framework for a mean-variance investor that selects
his portfolio at time 7' in a market which includes N risky assets along with a risk-free asset.> The
vector of returns on the risky assets at time ¢ is denoted by 7, whereas the return on the risk-free
is denoted by 7 f;. Excess returns on the risky assets over the risk-free are given by Ry = ry —rfily,
where 15 is an N-dimensional vector of ones. In order to illustrate the implications of asset
selection, we take on a standard convention in the literature and assume that R;’s are identically
and independently distributed (i.i.d.) according to a Gaussian density with mean p and covariance
matrix .5 Under the classical mean-variance framework of Markowitz (1952, 1959), the preferences
of the investor are described by the quadratic expected utility function:”

U(w) =w'p— gw'Ew, (1)

5When a risk-free asset is not present, one can replace it with a portfolio benchmark such as a stock index.

5Fama (1976) documents that the normal distribution is a good approximation for monthly returns data. More-
over, Tu and Zhou (2004) conclude that ignoring tails makes negligible difference to the mean-variance investor in
terms of portfolio out-of-sample performance. Nevertheless, our framework can be modified to other distributional
assumptions.

"See Constantinides and Malliaris (1995) for a review on the mean-variance theory and its implications.



where w are the weights assigned to the N risky assets and ~ stands for the coefficient of the
relative risk aversion for the investor. The weight on the risk-free is then 1 — w’1y. The portfolio

weights which maximise the above objective function are given by
w™ = -%"y (2)

and correspond to the maximum utility

mv 1 - SmV
U(w ):2*//E =2

v 2y’ )

where Sy = (/Y711 is the squared Sharpe ratio of the ex ante tangency portfolio w™.

However, the maximum utility is unattainable in practice since the parameters p and 3 defining
the optimal weights are unknown. Commonly, the investor will estimate the portfolio weights
using a sample of T historical excess returns on the risky assets, i.e., a matrix of observations
It = (R1Ry...Ry). This estimation is performed through the investor’s portfolio strategy p, defined

as a function from the set of information matrices A to the portfolio weights space:
p: ACRY xRT - RY s.t.p(Ir) = wP (4)

with wP being the vector of weights that the portfolio strategy assigns to the risky assets given Ip.

Clearly, the optimal strategy is p (Ir) = w™" that results in the ez ante tangency portfolio
independently of the realised sample I7. Since this portfolio is not known, the investor needs to
resort to an alternative sample-based portfolio strategy. Sample-based strategies introduce estima-
tion errors to the portfolio choice process and result in suboptimal out-of-sample performance. We

evaluate this performance using the average expected utility of a portfolio choice strategy:
M (p) i= B (U (@")) = B (") = J (") Sa ), (5)

where the expectation is taken under the true distribution of Ir. Our choice of M (p) is due to its
analytical tractability for several portfolio strategies and its connection with the investor’s objective
function (1). Examples of studies that use the average expected utility as a portfolio performance
measure are, among others, Kan and Zhou (2007), Kourtis et al. (2009) and DeMiguel et al.
(2009a). For brevity, hereafter we refer to M (p) as expected utility rather than average expected
utility.

For expositional purposes, we drop the Ir argument and represent strategies and portfolio
weights in terms of sets of assets. We attach a natural number to each risky asset and symbolise
the asset space with A = {1,2,....N}. If B C A, p(B) = @ (B) € RY denotes the portfolio
weights that are obtained by the strategy p under the constraint that the weights on the assets
outside B are zero (@ = 0 for i € A — B). Note that if B = (), the investor places all his wealth

on the riskless asset, since p () = Oy, whereas p (A) = wP. We are now able to define the



Optimal Asset Selection Problem: The optimal asset selection problem for the mean-variance
investor is the problem of finding the set of assets that maximises the expected out-of-sample per-

formance of his portfolio strategy:

gﬁggM (p(B)) (6)

The optimal asset selection problem has always a solution BY = arg max M (p (B)) since the

feasible set, i.e., the power set of A, is discrete and finite.® As a result, the investor constrains the
asset space set to BL in order to maximise the performance of his portfolio. We also observe that
the investor places all his wealth in the risk-free asset if the expected out-of-sample performance is
negative for any set of risky assets (B C A, B # (), since M (p (0)) = 0.

I Optimal Asset Selection for Three Portfolio Strategies

This section applies the asset selection framework developed in the previous section to the sample-
based mean-variance strategy, the sample-based global minimum variance strategy and the 1/N

strategy, respectively.

A Asset Selection for the Sample-Based Mean-Variance Strategy

The sample tangency portfolio is implied from the computation of the optimal portfolio weights in

(2) using the common Maximum Likelihood (ML) estimates of the two unknown parameters:

=3 R ™)
t=1
L1 &
N= ) (B ) (B - ), (8)
t=1

Then, the sample-based mean-variance strategy is defined as

P (Ir) = 0™ =~ (9)

2=

for T > N in order for the covariance matrix to be invertible. It is well known in the asset
allocation literature that this portfolio rule is highly sensitive to estimation risk and leads to severe
underperformance from an out-of-sample perspective (see, for example, Jobson and Korkie, 1980,
and Michaud, 1989). This performance is elegantly expressed by Kan and Zhou (2007) in means
of the average expected utility of the investor:
M (™) = Kk (N,T) Smv B A (N, T)7 (10)
2y 2y

8Without loss of generality, we assume that this solution is unique. However, if the maximum is attained in more
than one subsets of A, it is simple to impose additional conditions to ensure the uniqueness of B., for example, in
terms of its cardinality (the number of assets contained in B.) or the order of the asset indices.




where

k(N,T) =

T(T —2)
T—N-2 (2_(T—N—1)(T—N—4)>
(11)
NT(T —2)
(T—N—-1)(T—N-2)(T—N—4)

A(N,T) =

and T'> N + 4.
We adopt this expression to derive the asset selection problem for the sample-based mean
variance strategy. If B C A, B # (), then the sample mean and covariance matrix of the excess

returns R; (B) on the assets contained in B are

1 T
fi(B) = TZRt (B)
=1 (12)
£(B)= 7 (Ri(B) — t(B)) (R (B) — 1 (B))
t=1

The population counterparts of the two parameters will be denoted without the hat. It is also
convenient to present our analysis by assuming that B = {1,2,...,|B|} where |B]| is the cardinality
of B, i.e., the number of assets in B.? The application of the sample mean-variance strategy to B

results in the portfolio weights

!/

v e o1 Y
@ = ((2E@) am) ) (13)
where Oy_|p| is a vector of N — |B| zeros. The average out-of-sample performance of the above

portfolio is
_ A(BLT) Smy (B) _ A(B|,T)

M (™ (B)) = >

: (14)

where Sy (B) = pu(B) (2 (B)) ™! 1 (B) is the squared Sharpe ratio of the ex ante tangency portfolio
applied to B. We accept the convention that Spy(0)) = 0 in order to account for the portfolio that
consists of the riskless asset. Therefore, the optimal asset selection problem for the sample-based

mean-variance strategy is %@XM (p™ (B)), or, equivalently

e (5 (1B1,T) S (B) = A(BI, T) (15)

The above asset selection problem can be solved by computing the expected utility in (14) for
all subsets of A. However, this approach is not suitable for large values of N, since it requires 2V — 1
computations of the inverse of ¥ (B) which determines Spy (B). For example, when N = 50 the
number of subsets is 10'°.To address this issue, we propose a stepwise solution of (15) in Appendix

A. This procedure is based on the stepwise regression method of selecting independent variables

9We can always rearrange the indices which characterise the assets to express B in this form.



in a linear regression, first introduced by Efroymson (1960) and modified in the related literature
thereafter. Interestingly, it turns out that the solution BV = arg glcaXM (p™ (B)) is independent
of ~v. Therefore, the optimal assets are the same for all investors who allocate their contributions
using the sample Markowitz portfolio regardless of their attitude towards risk. This outcome is
in direct agreement with the two-fund separation theorem of Tobin (1958) which states that the
relative proportions invested in each risky asset are identical for all investors. However, as will be
discussed in the next two subsections, the two-fund separation theorem may not hold for alternative
portfolio strategies.

Our asset selection approach utilises the connection of the expected utility M (p™¥) with Sy
and N as expressed in (14). For fixed 7, a reduction in N through the application of the sample
mean-variance strategy to a subset of A, actually increases the coefficients x and A\, whereas it
reduces the value of Sy,,. The smaller set should be preferred to the original asset space when the
improvement in the expected utility caused by the increase in k and A\ exceeds the deterioration
due to the decrease in Sp,,. As discussed in the introduction, this is a trade-off between portfolio
specification error and estimation error. In order to provide some further interpretation of this
balance, we represent the specification error introduced by reducing the asset space to B with the
difference between the squared Sharpe ratios of the ex ante tangency portfolios in the whole asset
space and in B, respectively:

SE (B) = Spyv — Smv(B) (16)

The specification error in (16) corresponds to the efficiency losses that the investor experiences
under parameter certainty if he selects his portfolio using just B instead of all N available risky
assets. Amongst the subsets of A with the same number of assets, the highest out-of-sample
performance is obtained for the subset that minimises SE (B). This is due to the equivalence of

the asset selection problem (15) to the maximax optimisation problem:

qul%XN <K, (n,T) hax Sy (B) — A (n, T)) , (17)
where C,, is the set which contains all sets of n assets. The next proposition connects the specifi-

cation error with the exr ante mean-variance weights on the eliminated assets.

Proposition 1 The specification error generated by the elimination of a subset B of the asset space

can be expressed in terms of the ex ante mean-variance weights and the covariance matriz as
SE(A-B) =" (wg") (2p) " wp" (18)

muv

/!
1 .
where w’ = (w{’w, ...,w|B|> ;X = (wig); joy, v ond Qp = (wij)i,jzl,...,|B|' In the special case

that only the i asset is eliminated:
mv)2

SE(A— {i}) = W)

Wi

(19)



On the basis of the last equation we can infer that the asset that contributes the least to the
mv)2
W™

efficiency of the ex ante mean-variance portfolio is associated with the smallest ratio
Wij
the following proposition, we also provide the conditions satisfied for a subset of the asset space

that leads to an improvement in the out-of-sample performance of the sample tangency portfolio.

Proposition 2 Define ¢ (N) =2 (N +2) + /2(N +4) (N — 1)

1. If T < ¢(N), then the contraction of the asset space to any subset of A will improve the

out-of-sample performance of the sample-based mean-variance strategy.

2. If T > ¢ (N), then the contraction of the asset space to a subset B will improve the out-of-

sample performance of the sample-based mean-variance strategy if

SE(B) < a1(IB[,T)Smo + 02(|B],T) (20)
where 61(|B|,T) = (1 - m> 62(1B|, T) = <)\(N, Z()u_g):(]t?‘ 7T)> '

The first part of Proposition 2 indicates that when 7" < ¢ (IV), the out-of sample performance
of the mean-variance strategy is enhanced by removing any assets irrespectively of the specification
error that this removal induces. For instance, if there are 50 assets, then for less than 15 years of
monthly observations (7 = 180), the contraction of the asset space to any subset will increase the
performance of the sample tangency portfolio. The second part of Proposition 2 is more interesting
since it reflects the trade-off between specification and estimation error exploited by our asset
selection approach. Note that the right-hand side of (20) increases with the number of assets that
are eliminated from the asset space. In this manner, it can be considered as a measure of the gains
obtained from estimating fewer weights. Hence, (20) illustrates that the out-of-sample performance
of the sample mean-variance strategy is improved in a subset of the asset space if the ex ante
efficiency losses are less than the gains due to the reduction of estimation errors. In this context,

we express the optimal asset selection problem as
mas (51(|B|, T)Sum + 62(B| . T) ~ SE (B)) (21)

Hence, the optimal set of assets maximises the out-of-sample performance by optimally exploiting
the trade-off between specification and estimation error. Finally, the combination of Propositions

1 and 2 yields the following
Corollary 1 The elimination of the i asset leads to improved out-of-sample performance if
(W™)? < wii (61(N = 1, T) S + 62(N — 1,T)) (22)

Once the true moments of the excess returns on the risky assets are known, an asset can be

eliminated from the portfolio without impact on its efficiency only if the ez ante weight on the

10



asset is zero. The mean-variance spanning literature introduced by Huberman and Kandel (1987)
has developed various statistical tests for this hypothesis. As Corollary 1 indicates, this hypoth-
esis is relaxed under parameter uncertainty and the elimination of an asset results in increased
performance if its squared weight is less than the upper bound provided in the right-hand side of
(22).

B Asset Selection for the Sample-Based Global Minimum Variance Strategy

The asset allocation literature attributes most of the underperformance in sample mean-variance
portfolios to estimation errors in the means rather than the variances and covariances (e.g., Chopra
and Ziembra, 1993). Motivated by these findings, several studies suggest the use of the sample
global minimum variance portfolio. The global minimum variance strategy does not involve the

estimation of expected returns, since the portfolio weights are given by
pmin (IT) _ uA)min — , (23)

Jagannathan and Ma (2003) and DeMiguel et al. (2009a) compared the performance of the
above portfolio and the sample mean-variance portfolio in terms of Sharpe ratios and certainty-
equivalent returns in both real and simulated datasets and found that the first generally outperforms
the second. Recently, Kourtis et al. (2009) also provide analytical support to these studies by first
deriving the expected utility of the above strategy:

i g
M (pmm) = Hmin — 5” (N, T) Ur2nin (24)
> 1 1
where fiyin = M, a?nin = m are respectively the mean and variance of excess returns
T-2
on the minimum variance portfolio and v (N, T) = (T(N)l) for T > N + 1. They subsequently

perform a comparative assessment of the performances of the sample tangency and global minimum
variance portfolios using (14) and (24), respectively. The authors find that under most scenarios
the sample tangency portfolio is preferable only when an unrealistically lengthy estimation window
is available (for instance, 1800 months of returns for 50 risky assets).

In light of these studies, the global minimum variance portfolio is an attractive alternative to
the mean-variance portfolio in the presence of estimation risk. It is then natural to apply the asset
selection framework developed in Section I in order to examine if its performance can be further
enhanced. This application actually adapts the global minimum variance portfolio to the mean-
variance objective since this portfolio is constructed solely to minimise the portfolio variance. The

corresponding optimal asset selection problem is then glgg{M (pmin (B)), or equivalently

masc (pain (B) = 30 (1B, 7) 02, (B)) (25)

11



2. 1
(2(B) "5

where fipmin (B) =

Similarly to the case of the mean-variance portfolio, the optimal subset of A, defined as B™" =
arg rélgich (pmin (B)), can be obtained by computing the expected utility for all subsets when N
is small. When N is large the stepwise algorithm discussed previously can be adopted. However,
the structure of the optimal subset now depends on ~, even though v does not affect the original
global minimum variance weights (23). This interesting result implies that investors with different
levels of risk aversion may not choose the same assets to build a minimum variance portfolio. For
example, consider an infinitely risk averse investor (7 — co) and an infinitely risk tolerant investor
(v =0). The optimal assets for the risk averse investor minimise the portfolio’s variance, whereas
the optimal assets for the risk tolerant investor maximise the portfolio’s expected excess return.
Consequently, the two-fund separation theorem does not apply for the mean-variance investor who
uses the global minimum variance portfolio. In Section IV, we utilise this finding to shed some

light on the asset allocation puzzle.

C Asset Selection for the 1/N Strategy

The equal weighted 1/N strategy allocates an even proportion of the wealth across each risky asset

PN (Ir) = w'/N = %N (26)
A large proportion of investors tend to follow this simple heuristic rule (Benartzi and Thaler, 2001;
Huberman and Jiang, 2006), even though it has no theoretical basis. However, recent studies indi-
cate that this naive diversification technique is not entirely irrational in the presence of parameter
uncertainty. In particular, Duchin and Levy (2009) perform a comparison of the sample tangency
portfolio and the 1/N rule and find that the second results in higher out-of-sample performance
than the first in most scenarios examined. DeMiguel et al. (2009a) reach a similar conclusion for
the sample-based Markowitz rule and many of its improvements that have been developed over the
years. DeMiguel et al. also show that an extraordinarily large sample is required for the sample
tangency portfolio to outperform the 1/N allocation (namely 3,000 months for a portfolio with 25
assets and 6,000 months for a portfolio with 50 assets). These findings question the practical value
of the optimal portfolio choice and emphasise the need for a more effective treatment of estimation
risk.10
In analogy to the previous section, we apply our optimal asset selection approach to the 1/N
rule in order to impose the mean-variance objective and obtain performance improvements. The

corresponding optimal asset selection problem is %lng (pl/ N (B)), or, equivalently

max (ul/zv (B) - %U%/N (B)) ; (27)

10Tn this direction, Tu and Zhou (2009) suggest to combine theoretical portfolio rules with the 1/N strategy.
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variance of the excess returns on the equal weighted portfolio of the assets in B. Note that the

where 1y (B) = correspond to the expectation and

optimal subset Bi/ N _ arg %@LXM (pl/ N (B)) also depends on the risk aversion coefficient .

IIT Evaluation of Optimal Asset Selection

This section explores the potential of optimal asset selection for the three portfolio strategies
discussed. To this end, we employ 4 datasets of monthly returns which are listed in Table I. These
consist of a set of returns on 5 national stock indices obtained from MSCI, two sets acquired from
the website of Kenneth French that contain returns on 10 industry portfolios and on 25 size and
book-to-market portfolios, respectively and a set of returns on 50 randomly selected S&P 500 stocks
obtained from Reuters. The 5 national indices have been used in a variety of studies examining
international diversification (eg., see French and Poterba, 1991). The datasets comprising of 10 and
25 assets constitute common framework for testing portfolio choice models in the literature. Our
selection of 50 individual stocks also allows us to test the performance of our approach on plain
stocks rather than indices or portfolios. We derive excess returns on the assets in each dataset using
the 30-day nominal US T-bill as a riskless asset that is also taken from Kenneth French’s website.
We also assume that the mean and the covariance matrix of the excess returns are the true values
of these parameters. These values are applied to the formulas from Section II for the analytical
derivation of the average expected utilities of the mean-variance investor for each strategy in the
asset space and its subsets. We further solve the asset selection problem for each portfolio strategy
using the all subsets method when N = 5 or 10. For N = 25 and 50, we employ the stepwise
approach proposed to derive a “near optimal” set of assets. Unless otherwise stated, our analysis
is undertaken assuming four sample sizes (T = 120, 240, 360 and 480) and two values for the risk

aversion parameter (v = 1 and 3).

A Solving the Optimal Asset Selection Problem for the Mean-Variance Strat-
egy

As a first step in evaluating the potential of asset selection for the sample tangency portfolio, we
study the out-of-sample performance changes due to the removal of one asset from the portfolio.
Table II reports the annualised percentage expected utility in the case of 10 and 25 risky assets for
the whole asset space M (p™ (A)) along with the minimum, maximum and average utility for its
subsets with N-1 assets M (p™ (A — {i})). When 120 observations are available, the magnitude
of estimation risk is so large that eliminating any asset affects performance positively. For higher
values of T, the out-of-sample performance of the mean-variance strategy is also improved in most
cases. For example, for 40 years of monthly returns (7' = 480), the performance is enhanced in 8
and 17 subsets of N — 1 assets when N = 10 and 25, respectively.

In Figures 1 (N = 10) and 2 (N = 25), we demonstrate that the theoretical gains from increasing
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diversification boundlessly turn into out-of-sample performance losses in the presence of parameter
uncertainty. These figures depict the utility of the ex ante mean-variance portfolio U (w™ (B)"))
and the average utility of its sample counterpart M (p™ (BY)) as a function of the number of
assets n, where BV is the optimal subset of A of n assets (B = arg fnax Smv (B)). As expected,
the efficiency of the ex ante optimal portfolio increases with n in agreement with the dictates of
mean-variance theory. In contrast, the performance of the sample tangency portfolio attains its
maximum for a relatively small number of assets and then declines.

The second and the third rows of all panels in Table III report the average expected utilities
of the investor in annualised and percentage terms for the sample mean-variance strategy in the
original asset space (Sample mv (A)) and its optimal subset (Sample mv (BX)), respectively.
In this manner, we assess the extent to which the sample Markowitz portfolio can be enhanced
through the contraction of the asset space. As is evident from our results, the improvement in
the performance is significant for all datasets and sample sizes. In line with past studies, the
expected utility for the sample mean-variance strategy in the entire asset space (A) is low and in
many cases negative. In contrast, when this strategy is applied to the optimal set of assets (BI"V),
the corresponding utilities are positive and considerably higher. For example, when N = 10 and
~v = 1 the average utility is negative for up to 30 years of historical monthly returns and equal to
4.81 when 40 years of data are available. However, when the asset space is reduced to its optimal
subset, the utility becomes positive in all cases and raises to 13.55 for T = 480. Naturally, the
improvement in the performance is more prominent for the larger values of N and for the smaller
sample lengths T. Indicatively, for N = 50 and T = 120, the expected utility when the investor
employs all N assets is -1,539, whereas the utility increases significantly to 21.55 when he invests
in the optimal subset.

The fourth row of the panels of Table III reports the number of assets (|BIV|) that lead to
optimal out-of-sample performance for the sample tangency portfolio. A first conclusion is that
this number is substantially smaller than N due to the severe effects of estimation risk. In particular,
the number of optimal assets varies from 1 to 3 for the smaller datasets and from 3 to 12 for the
larger ones. To obtain a clearer picture with respect to the connection of the number of optimal
assets with the sample length, Table IV also presents |BY"V| as a function of 7. As expected, the
number of optimal assets increases with the length of the estimation window. Interestingly, the
investor includes all N assets in his portfolio only if an unrealistically lengthy sample is available
(53,368 to 1.3 million monthly observations). For realistic values of T, the number of optimal assets
is in agreement with the actual numbers of assets held by investors as is reported in the existing
literature. We return to this finding and discuss it further in Section IV.

As mentioned, our asset selection approach is equivalent to an expansion of the available sample,
since it increases the degrees of freedom available for estimating portfolio weights. Table V illus-
trates this equivalence by presenting the number of observations needed for the sample tangency
portfolio to perform in the whole asset space as well as it performs in its optimal subset when the

sample size is T. In fact, the performance gains from optimal asset selection are equivalent to the
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gains from a sample size increase by approximately a factor which ranges between 2 and 5.

B Solving the Optimal Asset Selection Problem for the Global Minimum Vari-
ance Strategy

We revisit Table III to discuss the results concerning the impact of our approach on the performance
of the global minimum variance strategy. As expected, the performance of the N-assets sample
minimum variance portfolio (Sample min (A)) is not as sensitive to estimation errors as the sample
mean-variance portfolio. Specifically, the reported expected utilities M (pmin (A)) for the sample-
based portfolio are close to the utilities U (wmin (A)) of the population counterpart (ex ante min
(A)). However, one must keep in mind that asset selection aims also aligning the performance of this
portfolio with the mean-variance preferences of the investor. From this perspective, we find that
asset selection improves considerably the sample minimum variance portfolio (Sample min (Bf‘in)),
especially for the larger values of N considered. For example, in the 25 size and book-to-market
portfolios dataset, the expected utility for the asset-space portfolio is 10 when 7' = 120 and v =
1, whereas it raises to 17.28 in the optimal subset B™". Surprisingly, the improvement from asset
selection is so large that the optimal-subset portfolio manages to greatly outperform the ex ante
N-assets portfolio. As previously, the number of optimal assets (‘Bfﬁn‘) reported in the 8th row
is much smaller than the asset space. We also observe that the size of the optimal subset is not
affected by changes in the length of the sample due to the small sensitivity of this portfolio to
sampling errors. However, for N = 50 the number of optimal assets appears to vary with . This

finding will be further discussed in the next section.

C Solving the Optimal Asset Selection Problem for the 1/N Strategy

The last three rows in the panels of Table III respectively report the expected out-of-sample per-
formance of the 1/N strategy in the asset space A and its optimal subset Bi/ N as well as the
size of this subset (‘Bi/ N’) The conclusions from these results are similar to those drawn for the
minimum variance strategy. In particular, the performance of the 1/N strategy is also enhanced in
the optimal subset and the size of this subset is again much smaller than N. This improvement is
more significant for larger values of N. For example, when N = 25 and v = 3, the expected utilities
raise from 4.32 in A to 8.02 in Bi/ N Furthermore, we find that for N = 50 the optimal subset also

varies with ~.

D Comparison between the Mean-Variance Strategy and its Two Alternatives

As discussed in Section II, several studies show that the sample Markowitz portfolio is underper-
formed by the global minimum variance and the 1/N strategies. It is therefore instructive to ask
whether optimal asset selection can render mean-variance portfolios superior to these two competi-
tors. As Figure 3 illustrates, the answer is positive. In panel A, we depict the expected utilities of

the mean-variance (M (p™ (B2Y)) and the minimum variance strategy M (p™ (B2")) versus the
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number of assets n (assuming 7'= 240 and v = 1). In panel B, we replace the utility of the minimum

1/N"B£ﬂv

variance portfolio with the utility of the 1/N strategy M (p ) The utilities for each

strategy are computed for the respective optimal set of n assets (Bl = argmax M (p(B))). Inter-
BeC,
estingly, we find that while the mean-variance rule is underperformed when n > 4, it outperforms

the minimum variance and the 1/N portfolios for n < 4.

Kourtis et. al. (2009) and DeMiguel et al. (2009a) showed that a very lengthy dataset is needed
for the mean-variance rule to beat the minimum variance and the 1/N portfolios, respectively. In
tables VI and VII, we compute again these lengths for the four datasets we considered with the
modification that the Markowitz rule is applied to the optimal subset of A, B}V, of size n = 1,...,9
and N. In line with the aforementioned studies, a large number of observations is found to be
necessary when there is no asset selection. For example, when N = 50 and v = 3, the required
T for the Markowitz rule to outperform the minimum variance and the 1/N rules is 635 and 638,
respectively. In contrast, when optimal asset selection is employed, the length assumes a more
realistic value varying between 32 and 254. This result re-establishes the value of mean-variance
optimisation in practical applications.

Our final observation regarding the comparative performance of the three portfolios concerns
the parameter of risk aversion. From the results in Table III, we observe that it is more difficult
for the mean-variance strategy to beat the minimum variance and 1/N strategies, respectively for
larger values of v in the smaller datasets. For v = 3, the optimal-subset mean-variance strategy
is outperformed by the optimal-subset minimum variance and 1/N strategies for N = 5 and 10.
However, for v+ = 1 and for the remaining cases with v = 3, the optimal-subset mean-variance

strategy is superior to its alternatives in almost all scenarios.

E Further Performance Results
E.1 Sharpe Ratios

Our formulation of the asset selection problem adopted the average expected utility as a measure
of out-of-sample performance. It is also interesting to study the potential of our methodology using
alternative performance metrics, such as the Sharpe ratio. For this purpose, we generate 10,000 sets
of size T' (120, 240, 360 and 480) of returns for each of the 4 aforementioned sets of actual returns.
These returns are normally 4.i.d. distributed with the mean p and covariance matrix ¥ calibrated
to the respective sample moments of the excess returns in the original sets. In each simulated set,
we derive the portfolio weights wP (B) for each strategy in the whole asset space (B = A) and its

optimal subset (B = BY) and compute the corresponding out-of-sample Sharpe ratios by

(28)

&5 w? (B) p
SRy (B) =
\/wp (B)' $r (B)

The averages of these Sharpe ratios are reported in percentage terms in Table VIII for v = 3.

Even though the optimal subsets are constructed on the basis of maximising expected utilities, the
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improvement in the out-of-sample Sharpe ratio is analogous to the improvement in the utilities in
Table III. The gains from asset selection are large for all strategies and become more significant
for the larger asset spaces. For example, for N = 50, the Sharpe ratios of the sample tangency
portfolio, the global minimum variance portfolio and the naive diversification increase from 14.67,
14.42 and 16.04 in the entire asset space to 22.51, 24.27 and 24.76, respectively, in its optimal
subset.

We also note that for N = 5 or 10, the highest Sharpe ratios are obtained for the optimal-subset
minimum variance portfolio. These are even higher than the Sharpe ratios obtained for the N-
assets ex ante global minimum variance portfolio. Yet, the optimal-subset mean-variance portfolio
is superior to its competitors when N = 25 and 50. In Figure 4, we also plot the evolution of the
Sharpe ratio of the sample tangency portfolio against the number of optimal assets (in analogy
to Figures 1 and 2). The graph is also inverse U-shaped with the maximum obtained for a small

number of assets.

E.2 Standard Errors

It is also necessary to analyze the uncertainty in performance obtained via the optimal asset selec-
tion approach. Table IX reports the standard errors of the expected utilities whose averages are
given in Table III. These errors are computed using the simulated sets we employed for the com-
putation of the Sharpe ratio. The standard errors for the ex ante strategies and the 1/N rule are
omitted from the Table, since these are zero. We find that asset selection significantly reduces the
standard errors of the expected utilities for both the mean-variance and minimum variance strate-
gies. For instance, for T = 120 and N = 50, the standard error for the tangency and minimum

variance portfolios declines from 250 to 5.7 and from 1.55 to 0.36, respectively.

E.3 Results from Real Data

Finally, it is also useful to investigate the potential of our approach in a distribution-free setting.
To this end, we follow a common practice in the portfolio choice literature and assess the asset
selection methodology in actual datasets. Interesting results can be drawn in this context since,
as shown by DeMiguel et al. (2009a), the sample mean-variance rule and many of its extensions
can produce losses on a risk-adjusted basis when real data are used. Adopting the rolling window
method followed by DeMiguel et al. (2009a), we first derive the sample mean ji; and covariance
matrix 3 using the returns for the months ¢-T,..., t-1, t > T . We then use these estimates to
calculate the weights w! for each strategy p in the entire asset space (B = A) and in its optimal
subset (B = BY). For both cases, we calculate the respective portfolio return RY(B) = (w}) Ry(B)
in each month leading to a series of returns, with mean and variance denoted by fi, (B) and 6’2% (B).
We measure out-of-sample performance using the certainty equivalent return on each portfolio
strategy:

CER, (B) = ji (B) = 367 (B). (29)
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We report the results in Table X for 7" =120 and 240 and v = 1 and 3. The improvement
in the performance is similar to the normality case for all strategies. Contrary to the N-assets
mean-variance portfolio, the optimised portfolio leads to positive certainty equivalent returns in all

but one case and outperforms the 1/N and the minimum variance portfolios in most scenarios.

IV Relation to Empirical Evidence

A  Underdiversification

Contrary to what Modern Portfolio Theory dictates, a large body of empirical evidence indicates
that investors typically hold a small number of assets. Early studies include Lease et al., (1974) and
Blume and Friend, (1975). In particular, Blume and Friend report that the majority of investors
hold up to 2 stocks. More recently, Kelly (1995) and Polkovnichenko (2005) employ household data
from the Survey of Consumer Finances and evince a similar investment pattern. Specifically, Kelly
finds that the median portfolio consists of one stock while Polkovnichenko reports that the median
number of directly held stocks has increased from 2 in 1983 to 3 in 2001, with most households
holding one to five stocks. Barber and Odean (2000), Ivkovi¢ et al. (2004) and Goetzman and
Kumar (2008) use data from a large U.S. discount brokerage and find that the average investor
holds just four stocks. At an international level, several studies included in Guiso et al. (2002)
confirm the small number of stocks in household portfolios for different countries. Finally, Calvet
et al. (2007) find portfolio underdiversification using a dataset that reflects the entire population
of Sweden.

A number of potential explanations for this underdiversification puzzle have been suggested in
the literature. These include transaction costs (Mao, 1970; Jacob, 1974; Brennan, 1975), higher
moment preferences (Kraus and Litzenberger, 1974; Conine and Tamarkin, 1981; Harvey and
Siddique, 2000; Mitton and Vorkink, 2007), information only about a fraction of all available assets
(Merton, 1987), preference for portfolio insurance (Liu, 2009), financial constraints such as margin
requirements and restrictions on borrowing (Roche et al., 2009) and information acquisition (Van
Nieuwerburgh and Veldkamp, 2010). Explanations have also been based on behavioral biases such
as preference towards a two layer-portfolio for poverty protection and hope for riches (Shefrin and
Statman, 2000), rank-dependent preferences (Polkovnichenko, 2005) and ambiguity aversion (Uppal
and Wang, 2003; Boyle et. al. 2009).

Our work provides an alternative rational justification to underdiversification. Specifically, our
results imply that investors should not diversify across many assets because estimation errors will
offset diversification benefits and this may result in heavily suboptimal portfolio performance. Given
that portfolio weights are typically computed using less than 240 months, we found in Section III
that the number of optimal assets ranges from 1 to 5. This finding is strikingly consistent with the
empirical evidence on existing portfolio practices. Moreover, our explanation of underdiversifica-
tion offers three significant advantages. First, we do not deviate from the classical mean-variance

framework. Second, our approach encapsulates estimation risk, the latter being a crucial obstacle
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to the practical implementation of portfolio theory. Third, even though it is beyond the scope of
the present work, factors such as transaction costs and financial constraints can also be incorpo-
rated into our model to further investigate empirical patterns such as the connection of the level of

diversification with the investor’s wealth.

B International Diversification

French and Poterba (1991) report that the proportion of wealth allocated to domestic assets for
the U.S. investor is 92%. More recently, Thomas, et al. (2006) find that international exposure of
equity portfolios of US investors has not considerably increased since then and investors allocate
just 14% of their wealth to foreign assets. These findings are in contrast to the theoretical benefits
of international diversification which imply that the mean-variance US investor should just hold
around 60% in US stocks (Lewis, 1999). As a result a large body of research tries to rationalise this
so-called international diversification puzzle (see, for example, Adler and Dumas, 1983; Black, 1990;
Brennan and Cao, 1997; Serrat, 2001; Ang and Bekaert, 2002; Dahlquist et al. 2004; Guidolin,
2005; Guidolin and Timmermann, 2008)

In this context, we argue that our approach can provide a justification to the behaviour of
investors with respect to international diversification. In particular, we solve the optimal asset
selection problem for the mean-variance US investor who selects his portfolio in a market of 5
national stock indices corresponding to large international stock markets (namely France, Germany,
Japan, UK and USA). The parameters that define the asset selection problem are calibrated using
a dataset of monthly excess returns on the 5 indices for the period 1/1970-12/2007. This dataset is
obtained from MSCI and converted to US dollar values using the MSCI exchange rate series.!! The
outcome of our analysis is quite astonishing. Specifically, we find that for an estimation window
that contains less than 45 years of monthly returns, the US investor who selects his portfolio using
the sample mean-variance strategy should hold just the domestic index. The same result applies for
the equal-weighted strategy irrespective of the sample size. The optimal set for the global minimum
variance portfolio also includes a foreign index. However, the weight assigned to the domestic asset
is still high at around 74%. These findings justify the preference of US investors towards their

home market.

C The Asset Allocation Puzzle

Canner et al. (1997) document that financial advisors recommend a high ratio of bonds to stocks
for the conservative investors. Conversely, a low ratio is recommended for aggressive investors. The
authors coin this empirical pattern as an “asset allocation puzzle” since it contradicts the two-fund
separation theorem. Chakroun et al (2008) use data on the portfolio composition of a brokerage
firm and confirm this empirical irregularity in actual allocations. A commonly suggested solution to

this puzzle is intertemporal hedging activity (see Brennan and Xia, 2000, 2002; Bajeux-Besnainou

"This is actually the dataset used in the performance evaluation of Section III.
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et al., 2003). Yet, Lioui (2007) shows that this solution is not convincing under general assumptions
and finds that a highly risk averse investor with intertemporal hedging demands could invest more
in stocks than in bonds.

We briefly discuss here how optimal asset selection can provide a potential solution to this puzzle
by studying a mean-variance investor who allocates using the global minimum variance portfolio
or the naive diversification. As we discussed in Section II, the first portfolio is proposed in many
studies as a superior alternative to the mean-variance portfolio under parameter uncertainty. The
second portfolio rule is a popular allocation method for many investors as various empirical studies
report. To illustrate our point, we use a simple numerical example. Consider two assets to replicate
a typical bond-stock choice situation. The excess return on the first asset (“bond”) is assumed to
have an annual mean of 4% and volatility of 10% while the second (“stock”) is assumed to have
an annual excess return of 8% and volatility of 20%. The covariance between the two assets is
assumed to be zero. We solve the asset selection problem for two values of v (1 and 3) and two
values of T' (120 and 240) for each one of the portfolio strategies studied in Section II. The optimal
sets of assets, portfolio weights and expected utilities obtained are reported in Table XI. We can
note that the less risk-averse investor holds only the stock for both the minimum variance and the
1/N strategies. Interestingly though, when risk aversion parameter increases to 3, the bond enters
into the portfolio for both strategies with weight of 0.8 and 0.5, respectively. This result indicates
that asset selection under parameter uncertainty may result in a ratio of bonds to stocks which
increases with risk aversion. To the best of our knowledge, this is the first rational explanation to

the asset allocation puzzle in a static setting.

V Implementation of Optimal Asset Selection in Practice

We have shown that optimal asset selection can significantly improve the out-of-sample performance
of portfolio strategies and we have provided the conditions that should hold for the optimal set of
assets. The implementation of asset selection in practical applications requires the knowledge of
the average expected utilities in each subset of assets and this section provides suggestions as to
their estimation.

For the sample-based mean-variance strategy, the average expected utility of the investor given

in (14) is a function of the squared Sharpe ratio Sp,y (B). Hence, in practice, one has to estimate
. . ~1

Sy (B). The ML estimate of Sy (B) is Sy (B) = i (B)’ (E (B)) ft(B). However, this estima-

tor is known to be heavily biased (e.g., see Kubokawa et al. 1993). In the Appendix, we derive an

accurate estimate of Spy (B) given by

S(B) :C(|B|7T) Smin(B) (30)
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where

(A(B)’(E(B))ll )2
b ) = Z "®)_ 151
Vg (2) 1p

is the ML estimator of the squared Sharpe ratio of the ex ante global minimum variance portfolio

(31)

of the assets in B and
(T —|B| - 1)*(T - |B|] —2)*

C(|B‘7T): T(T*l)(T*Q)Q

(32)

Then, the estimated optimal asset selection problem is max (/1 (|IB|,T)S(B) — (| B 7T)) and

Bj}“’ denotes its solution. To further improve the accuracy of the estimated optimal subset, we

suggest to force an upper bound constraint 7 to its cardinality ’Bf‘v . To provide some interpreta-

tion for imposing this constraint, we note that the larger the number of assets in Bf“’, the higher
the probability that suboptimal assets have been included in the portfolio. Therefore, we induce
an upper bound to the number of optimal assets to account for underperformance issues caused by
the choice of wrong assets. Overall, we propose the estimation of the optimal assets by solving the

following problem

max (1 (1B|.7) §(B) - A(|B.T)) 33)

|B| <n

We also use the standard ML estimates of the moments of the excess returns on the global minimum

variance portfolio and the 1/N strategy to estimate the corresponding asset selection problems

max (fimin (B) = 20 (B[, T) 62, (B))

BCA 2 (34)
|B| <n
. R
5 (g (B) = 308 (B) (35)

Bl <n

The respective estimates of the optimal subsets will be denoted by Efi“ and Ai/ N

We apply the estimated optimal subsets to the corresponding portfolio strategies and result in
three new strategies, namely p™ (3§1V>, pin (Bflin> and p'/N (Ei/ N). To assess the performance
of the new strategies, we perform a comparison between each one of them and its asset space
counterpart in a simulation setting. For each of the 4 datasets of realised returns in Table I, we
generate 10,000 simulated datasets of size T (120, 240, 360 and 480) of normally distributed i.i.d.
returns with means and covariances calibrated using the original datasets. In each set, we solve the
asset selection problems (33), (34) and (35) by setting 7 = 2 for T'= 120 and 240 and 7 = 3 for T
= 360 and 480. We subsequently derive the portfolio weights w? (B) for each strategy in the whole

asset space (B = A) and its estimated optimal subset (B = BF) and measure the corresponding
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out-of-sample performance by the expected utility
U (aP (B)) = @ (B) p— P (B) Tu? (B) (36)

Table XII reports the annualised percentage averages of the above measure for the 3 dyads of
strategies considered. In agreement with Table III, the N-assets sample tangency portfolio p™v (A)
generally leads to highly negative utilities and is greatly outperformed by the estimated subset rule
™ (3?") which in most cases yields positive utility. For example, in the case of 25 assets, 120
historical observations and a risk aversion parameter of 1, the utility is -204.60 in the initial asset
space whereas the corresponding utility for the subset-based portfolio p™¥ (E?") is 41.86. The
utilities for the minimum variance portfolio and the 1/N strategy also increase in most cases with
the increase being more significant for the larger values of N. Overall, most conclusions drawn in

Section IIT apply in this setting as well.

VI Conclusions

Wide diversification benefits are dissipated when finite samples are available for parameter es-
timation. We show that in practice the best possible out-of-sample investment performance is
accomplished by using a relatively small subset of the total assets available. We develop a generic
framework for determining the optimal subset and apply it to three popular investment strate-
gies. The empirical analysis clearly demonstrates that our asset selection approach has substantial
merit for investors. It also lends support to rational explanations of three empirical puzzles in the
literature.

Our paper offers some reconciliation in the longstanding argument between academics and
practitioners on the issue of optimal portfolio selection. Our results allow a validation and reinter-
pretation of the practical value of Markowitz’s mean-variance theory. The diversification principle is
alive and kicking but it should be applied with caution in order to avoid the perils of estimation risk.
The competing view held by many investors is epitomised by the legendary Warren Buffet: “wide
diversification is only required when investors do not understand what they are doing”. Strictly
speaking, our paper indicates the opposite since we find that unlimited diversification is optimal
only when you know exactly what you are doing, i.e., when estimation risk is absent. However, in
the presence of estimation risk, the advice of Buffet and the practice of investors are justified after
all, since the optimal implementation of portfolio theory calls for investments in a small number of

assets.
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Appendix

A Stepwise Asset Selection

1. Forward Selection

(a) Define Bgom = () and B{OM’ = arg mafi(M (p ({7}))
1€

(b) Compute BY™ = arg max M (p (B{O”" U {z}))
icA-B{°™

(c) Compute Béemp =arg max M (p <B§emp U {z}))

ic A—piemp

(d) Compute B = arg max M (p (Béemp — {z}))

ieBiem

(e) Proceed likewise until the derivation of B]{,mw.

2. Backward Elimination

(a) Define B = A and Bj** =)
(b) Compute B = arg I{leag(M (p(A—{i}))

(c) Compute BY™ = arg max M (p (B — {i}))

; back
1€BRS

(d) Compute BY™ = arg max M (p <B§§T§ — {z}))

. temp
1€BN 5

(e) Compute B =arg max M (p (Bf\e/_ng U {z}))

. temp
i€A-By_ 3

(f) Proceed likewise until the derivation of B}k,

A near optimal set of assets is then

e {0 (o(517) o (5)
{B,Lforw,B?‘wk}

i€{0,1,...,.N}
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B Proofs of Theoretical Results

Proof of Proposition 1: We first express the matrix (X(A — B)) ™" as a function of the elements

of ¥~1. We partition the covariance matrix and its inverse as:

E:<2(B) = >7E_IZ<QB 94 ) B1)
S S(A-B) O Qup

where ¥ = (O-i»]‘)i,jzl,.A.N’ X(B) = (Uij)i,jzl,...,|B|’ Y(A-B) = (Uij)i,j:|B|+1,...,N7 ¥ =

(04j)i=|Bl+1,..N» Qa-B = (wij)i,j:\BIH,...,N and Q1 = (wij)i=|B|+1,..,n5- Multiplying the covariance
j=1,...|B| _ J=1,..,|B|
matrix to its inverse results in

912/1 + QA_BE (A - B) == I‘A,bMA,H

/ B.2
QBZII—I—QIE(A—B) :0|A—b\ ( )

where 1) 4_p| |4—p| is the [A — B| x |A — B| identity matrix and 04_ is vector of [A — B| zeros.
Solving for (X (A — B))™! leads to

(S(A-B) "' =Qap-M(Qp) Q) (B.3)

The specification error losses due to investing in A — B instead of A are given by
SE(A-B)=yS)p—p(A-B) (S(A-B)) ' n(A-B) (B.4)
Applying (B.3) to the last equation results after some algebra to (18). [

Proof of Proposition 2: We first note that the condition T < ¢ (N) is equivalent to
k(N,T) <0. If K (N,T) <0, then for any proper subset B of A, we have that x (N,T) < x (|B|,T),
AN, T) > X(|B|,T) and Spy (B) < Smy. As a result M (p™ (A)) < M (p™ (B)). Otherwise, if
T > ¢ (N), then x (N,T) > 0. Reordering the terms in the inequality

’%<N7T) va - )‘(NvT) < /i(’B| 7T) va (B> - )‘(‘B’ 7T) (B'5)
gives (20). [ ]

Derivation of (30): We provide an accurate estimate of the squared Sharpe ratio of the

ex ante tangency portfolio Sy, = (/X! p. We first note that Sy, can be computed as
Sy = 72 (™) Zw™ (B.6)

Naturally, the main source of error in the estimation of Sy, is the estimation of w™V. To tackle this

estimation risk we suggest the estimation of the ex ante optimal weights with a vector proportional
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to the global minimum variance portfolio, since this portfolio is much less sensitive to sampling er-
rors. Therefore, we seek for the estimator of the form ciw™™ that maximises the standard statistical
loss function!?

D (w™, cﬁ)min) =F ((wmv - cﬁ)min)/ S (w™ — cwmin)) (B.7)

Expanding (B.7) results in

D (w™, cwmin) = (™) Bw™ — 2¢pmin + v (N, T) o (B.8)

min

min

since E (w™") = w™" and F ((wmin)’zwmin) = v (N,T)o2, (eg., see Kourtis et al., 2009).
Applying first-order conditions to (B.8), gives the optimal coefficient

Hmin
= (B.9)
v (N.T)on,
The unknown ratio M;n.m = 13,2*1” in the above equation can be computed using f and the
. . - O T-N-2., .. . .
unbiased estimate of the inverse covariance #E . This computation leads to the following

estimate of the optimal coefficient:

T—N—1)(T - N —2) fimin

min

and the corresponding estimate of the mean-variance weights ¢*w™". We substitute the latter

weights in (B.6) and estimate the covariance matrix using its unbiased estimator T 1 3 to obtain

(30). u

2Examples of studies using this loss function are Jorion (1986), Frost and Savarino (1986), Kan and Zhou (2007)
and DeMiguel et al. (2009a) among others.
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Table I: List of datasets

This table contains the datasets of excess returns employed in this paper for the assessment of the optimal asset
selection approach. It also reports the number of assets in each dataset, the time period spanned as well as their
source. Excess returns are computed using the 30-day nominal US T-Bill obtained from Kenneth French’s Website.

Description Number of Assets Time Period Source

Country Stock In- 5 01/1970-12/2007 MSCI

dices (France, Ger-

many, Japan, UK

and USA)

Industry Portfolios 10 07/1963-08/2007 Kenneth French’s Website
Size and Book-to- 25 07/1963-08/2007 Kenneth French’s Website
Market Portfolios

Random S&P 500 50 01/1981-12/2007 Reuters

Stocks

Table II: Effect of the elimination of one asset to the out-of-sample performance of the
sample mean-variance strategy

This table compares the average expected utility for the mean-variance strategy (M (p™" (A))) when this is applied
to all available N assets to the corresponding expected utilities M (p™ (A — {i})) in the subsets with N-1 assets.
These utilities are computed using the formulas provided in subsection A of Section II. The mean and covariance
matrix of excess returns are respectively calibrated using the 10 Industry Portfolios (Panel A) and the 25 Size and
Book-to-Market Portfolios (Panel B) datasets and a coefficient of relative risk aversion equal to 3. The sample sizes
considered are contained in column 1. The expected utility in the whole asset space A is reported in column 2 while
the columns 3-5 report the minimum, the maximum and the average utility for the subset A — {i} with N - 1 assets,
respectively. Column 6 finally reports the number of assets whose elimination improves the average out-of-sample
performance.

Panel A: 10 Industry Portfolios

Minimum Maximum Average Cases of

T M@P™(A)

M (p™ (A —{i}))

M (p™ (A —{i}))

M (p™ (A —{i}))

Improved Performance

120 -17.32 -15.49 -14.39 -14.63 10
240 -3.79 -3.86 -2.69 -2.93 9
360 -0.11 -0.64 0.56 0.31 8
480 1.6 0.86 2.09 1.82 8
Panel B: 25 Size and Book-to-Market Portfolios
T M @™ (A)) Minimum Maximum Average Cases of
P M @™ (A-{i})) M@E™ A-{i}) M@E™ (A-{i})) Improved Performance
120 -69.16 -67.87 -61.09 -61.71 25
240 7.26 -2.44 9.26 8.2 21
360 22.74 11.13 23.8 22.86 19
480 29.21 16.86 29.92 28.74 17
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Table III: Average expected utilities in the asset space and its optimal subset

For each one of the 4 datasets listed in Table I, this table reports the average (annualized and percentage)
expected utility of a mean-variance investor for the sample mean-variance strategy (Sample mv), the sample
global minimum variance strategy (Sample min) and the 1/N strategy when they are applied to all available
assets (A) and to the set of assets which maximises out-of-sample performance (B™,B™* and Bi/", respec-
tively). The optimal set for each strategy is computed by solving the respective optimal asset selection problem.
The parameters that define this problem and the expected utilities are calibrated using the corresponding
dataset. The utilities are analytically computed using the formulas provided in Section II for four sample sizes
T (120, 240, 360 and 480) and two values for the coefficient of relative risk aversion (1 and 3). Finally, we
report in parenthesis the number of optimal assets |BY| for each strategy as well as the expected utilities for the
parameter certainty mean-variance (Ez ante mv) and global minimum variance (Ez ante min) strategies, respectively.

Panel A: 5 Country Stock Indices

v=1 =3
T
Strategy 120 240 360 480 120 240 360 480
Ezx ante mv (A) 9.39 9.39 9.39 9.39 3.13 313 3.13 3.13
Sample mv (A) -20.92 -4.48 0.41 2.75 -6.97 -1.49 0.14 0.92
Sample mv (B{"") 2.40 5.25 6.15 6.60 0.80 175 2.05 220
|B™] (1) (1) (1) (1) o o @O O
Ez ante min 4.89 4.89 4.89 4.89 2.88 288 288 288
Sample min (4) 4.86 4.88 4.88 4.88 278 283 285 286
Sample min (B"") 5.10 5.10 5.10 5.10 2.99 3 3 3.01
| B (2) (2) (2) (2) @ @ @ @
1/N (4) 3.99 3.99 3.99 3.99 1.53 153 153 1.53
1/N (BX™) 499 499 499  4.99 255 255 255 2.55
B/ VRN CORRNCORCY CONNN ORI

Panel B: 10 Industry Portfolios

y=1 v=3
T
Strategy 120 240 360 480 120 240 360 480
Ez ante mv (A) 18.74 18.74 18.74 18.74 6.25 6.25 6.25  6.25
Sample mv (A) -51.96 -11.36 -0.32 4.81 -17.32  -3.79 -0.11 1.60
Sample mv (BFY) 7.30 10.33 12.21 13.55 2.43 3.44 4.07  4.52
B2 T R C RN € ) nm @ @ ©
Ez ante min 5.03 5.03 5.03 5.03 3.66 3.66 3.66 3.66
Sample min (A) ' 4.98 5.01 5.02 5.02 3.49 3.58 3.61  3.62
Sample min (B") 7.07 7.09 7.09 7.09 5.12 5.16 5.17 5.18
| B @ @ @ @ @ @ @ @
1/N (A) 546 546 546  5.46 345 345 345 345
1/N (BY™) 6.93 693 693 693 4.88 4.88 4.88 4.88
B @ @ @ @ @ @ @ ©
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Table IIT (continued)

Panel C: 25 Size and Book-to-Market Portfolios

T
Strategy 120 240 360 480 120 240 360 480
Ex ante mv (A) 133.87 133.87  133.87  133.87 44.62  44.62  44.62  44.62
Sample mv (A) -207.47 2178 6822  87.64 69.16  7.26 2274 29.21
Sample mv (B™) 81.38 99.69 106.31 110.40 27.13 33.23 35.44 36.80
| B (4) (5) (6) (8) (4) (5) (6) (8)
Ex ante min (A) 10.17 1017 1017 10.17 8.87 887 887 887
Sample min (4) 10 1009 1012 10.13 837 865 873 876
Sample min (B™")  17.28  17.29  17.29  17.29 1427 1429 14.30  14.30
| B 2 (2) (2) (2) (2) (2) ) (2)
1/N (A) 726  7.26 7.26 7.26 432 432 432 4.32
1/N (BY™) 1214 1214 1214 1214 8.02 802 802 802
B “mow W “m - wm W
Panel D: 50 S&P 500 Stocks
T
Strategy 120 240 360 480 120 240 360 480
Ex ante mv (A) 85.27 8527 8527  85.27 28.42 2842 2842  28.42
Sample mv (A) -1539 2185  -69.28  -16.80 51290  -72.82  -23.09  -5.60
Sample mv (B™) 21.55 34.60 40.99  46.78 718 11.53 13.66 15.59
|B| 3) (5) (8) (12) 3) (5) ® (12
Ez ante min (A) 6.50  6.50 6.50 6.50 533 533 533 533
Sample min (4) 6.08  6.35 6.41 6.43 4.08  4.88 505  5.13
Sample min (B™") 1576 1576  15.76  15.76 10.51 1057  10.60  10.61
| B (1) (1) (1) 1) (4) (4) (4) (4)
1/N (A) 761 761 7.61 7.61 505 505 505 505
1/N (BY™N) 1576 1576 1576 15.76 10.93 1093 10.93  10.93
|| O R CO RV &N CINCINC )
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Table IV: Number of optimal assets as a function of the sample size

For each dataset listed in Table I and each number n reported in the first column below, this table reports the mini-
mum number of observations required in order the optimal asset selection for the sample mean-variance strategy to
result in an optimal set of assets By'Y = arg glgi‘(M (p™ (B)) that contains n assets (|By"Y| = n). The squared Sharpe

ratios of the ex ante mean-variance portfolio_s that define the asset selection problem are calibrated using the cor-
responding dataset in each case. Nan indicates that there is not an optimal set of assets of this size for any value of T'.

Number of 5 Country 10 Industry 25 Size & Book-to- 50 S&P 500
Assets Stock Indices Portfolios Market Portfolios Stocks
1 86 57 Nan 36
2 547 230 28 89
3 2111 370 Nan 103
4 12345 1189 82 136
5 473983 2298 149 225
6 - 3527 291 271
7 - 6394 395 Nan
8 - Nan 437 340
9 - 14429 0 Nan
N 473983 53368 75299 1288921

Table V: Equivalence of optimal asset selection to an increase in the sample size

For each one of the datasets listed in Table I and four values of the sample size T, this table reports the sample size
T’ needed for the sample-based mean-variance strategy to result in average expected utility in the whole asset space
equal to the average expected utility in the optimal subset when the sample size is T. T is defined as the minimum
number that fulfils the condition % (N,T") Smv — A(N,T") > & (|BX|,T) Smv(BXY) — A(|BX],T). The squared
Sharpe ratios of the ex ante mean-variance portfolios that determine the optimal set of assets are calibrated using

the corresponding dataset in each case.

T
Dataset 120 240 360 480
5 Country Indices 458 758 964 1114
10 Industry Portfolios 578 773 985 1230
25 Size & Book-to-Market Portfolios 432 623 753 871
50 S&P 500 Stocks 688 829 928 1046
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Table VI: Sample size needed for the sample mean-variance strategy to beat the global
minimum variance portfolio

For each dataset listed in Table I and each number of assets reported in the first column below, this table reports
the minimum sample size T" needed for the sample-based mean-variance strategy to result in average expected
utility in the optimal set B}" higher than the average expected utility for the sample global minimum variance
portfolio that is applied to the whole asset space (M (p™ (BI)) > M (p™" (A))). The parameters that define
the optimal set of assets and the expected utilities are calibrated using the corresponding dataset in each case.
Two values for the coefficient of relative risk aversion are considered (1 and 3). Nan indicates that there are
not any sets of assets of this size that result in sample tangency portfolios superior to the minimum variance portfolio.

=1 ¥=3
Num- 5 10 25 Size & 50 S&P 5 10 25 Size & 50 S&P
ber of Coun-  Industry Book-to- 500 Coun-  Industry Book-to- 500
Assets try Portfo- Market Stocks try Portfo- Market Stocks
Indices lios Portfolios Indices lios Portfolios
1 212 88 534 47 Nan 298 Nan 83
2 306 127 31 62 2206 259 36 86
3 426 163 41 72 2173 289 48 92
4 559 208 46 83 2735 356 52 101
5 697 253 54 96 3409 428 61 114
6 - 299 63 109 - 501 70 128
7 - 345 71 122 - 577 79 142
8 - 392 80 133 - 655 89 154
9 - 439 88 145 - 732 98 167
N 697 487 224 582 3409 811 247 635

Table VII: Sample size needed for the sample mean-variance strategy to beat the 1/N rule

For each dataset listed in Table I and each number of assets reported in the first column below, this table reports
the minimum sample size T needed for the sample-based mean-variance strategy to result in average expected utility
in the optimal set By" higher than the average expected utility for the 1/N strategy that is applied to the whole

asset space (M (p™ (By"Y)) > M (pl/N (A))) The parameters that define the optimal set of assets and the expected

utilities are are calibrated using the corresponding dataset in each case. Two values for the coefficient of relative risk
aversion are considered (1 and 3).

y=1 v=3
Num- 5 10 25 Size & 50 S&P 5 10 25 Size & 50 S&P
ber of Coun- Industry Book-to- 500 Coun-  Industry Book-to- 500
Assets try Portfo- Market Stocks try Portfo- Market Stocks
Indices lios Portfolios Indices lios Portfolios
1 166 93 46 50 195 254 65 87
2 254 132 30 64 287 241 32 88
3 358 169 40 75 401 274 42 93
4 470 215 45 85 527 339 47 102
5 586 261 53 99 657 408 55 116
6 - 308 62 111 - 478 64 129
7 - 356 70 124 - 550 73 144
8 - 405 79 136 - 625 81 156
9 - 453 87 148 - 699 90 169
N 586 502 221 590 657 774 228 638
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Table VIII: Out-of-sample Sharpe ratios

For each one of the 4 datasets listed in Table I, this table reports the average (percentage) out-of-sample Sharpe
ratios of the sample mean-variance strategy (Sample mv), the sample global minimum variance strategy (Sample
min) and the 1/N strategy when they are applied to all available assets (A) and to the set of assets which maximises
out-of-sample performance (B™', B™® and BYN respectively). The optimal set for each strategy is computed as
in the previous tables. For each of the 4 datasets, the Sharpe ratios are computed in 10,000 simulated datasets
of normal i.i.d returns with mean and covariance matrix calibrated using the corresponding original dataset. We
derive these ratios for four sample sizes T (120, 240, 360 and 480) and a coefficient of relative risk aversion equal
to 3. Finally, we report in parenthesis the number of optimal assets |B%| for each strategy as well as the Sharpe
ratios for the parameter certainty mean-variance (Ez ante mv) and global minimum variance (Ez ante min) strategies.

Panel A
5 Country Indices 10 Industry Portfolios
T
Strategy 120 240 360 480 120 240 360 480
Ezx ante mv (A) 12.51 12.51 12.51 12.51 17.67 17.67 17.67 17.67
Sample mv (A) 6.46 8.12 9.09 9.77 8.85 11.34 12.79 13.64
Sample mv (BY) 9.11 10.60 11.09 11.35 13 14.68 15.20 15.83
|B™| (1) (1) (1) (1) (1) (2) 2) 3)
Ez ante min (A) 12 12 12 12 14.09 14.09 14.09 14.09
Sample min (A) 11.80 11.91 11.94 11.95 13.57 13.81 13.91 13.96
Sam‘ple min (Binin) 12.23 12.25 12.26 12.27 16.64 16.75 16.79 16.80
| B (2) 2 (2) 2 (4) (4) (4) (4)
1/N (4) 9.60 9.60 9.60 9.60 13.16  13.16 13.16  13.16
1/N (BY™) 1148 1148 1148 1148 16.04 16.04 1604 16.04
B OO @ @ @ ©
Panel B
25 Size & Book-to-Market Portfolios 50 S&P 500 Stocks
T
Strategy 120 240 360 480 120 240 360 480
Ez ante mv (A) 47.23  47.23  47.23  47.23 37.70 3770 37.70 37.70
Sample mv (A) 30.44 37.01 40.04 41.52 14.67 21.41 24.85 27.19
Sample mv (B;"") 39.57 41.88 42.82 43.50 22.51 25.74 27.68 29.58
|B| (4) (5) (6) (8) (3) (5) ® (12
Ez ante min (A) 27.37 27.37 27.37 27.37 18.91 18.91 18.91 18.91
Sample min (A) ' 24.39 25.88 26.50 26.68 14.42 16.75 17.59 17.96
Sample min (BM") 31.26 31.32 31.33 31.36 24.27 24.42 24.47 24.49
| B (2) 2 (2) 2 (4) (4) (4) (4)
1/N (A) 14.70 14.70 14.70 14.70 16.04 16.04 16.04 16.04
1/N (BY™) 2019  20.19 2019 20.19 24.76  24.76  24.76  24.76
B “m oW N C) R C B C )
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Table IX: Standard errors of expected utilities

This table reports the (percentage) standard errors of the expected utilities whose average is reported in Table III.
For each one of the 4 datasets of Table I, the standard errors are computed in 10,000 simulated datasets of normal
i.i.d returns with mean and covariance calibrated using the corresponding original dataset. We derive these errors
for two sample sizes T (120 and 240) and a coefficient of relative risk aversion equal to 3. Finally, we report in
parenthesis the number of optimal assets |B%| for each strategy.

5 Country 10 Industry 25 Size & 50 S&P 500
Indices Portfolios Book-to-Market Stocks
Portfolios
T
Strategy 120 240 120 240 120 240 120 240
Sample mv (A) 7.25 3.11 12.71 5.12 51.98 13.76 250.34 31.19
Sample mv (BF) 2.76  1.32 2.82  1.88 7.15 3.85 5.66 3.39
|B:™| n @ 1 @ (4) (5) (3) (5)
Sample min (A) . 0.18 0.12 0.42 0.29 1.56 1.05 1.55 0.86
Sample min (Bf"") 0.04 0.02 0.17 0.11 1.13 0.82 0.36 0.24
| B 2 @ “4) 4 (2) (2) (4) (4)
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Table X: Certainty equivalent returns from real data

For each one of the 4 datasets listed in Table I, this table reports the certainty equivalent returns (CERs) on the
sample mean-variance strategy (Sample mv), the sample global minimum variance strategy (Sample min) and the
1/N strategy when they are applied to all available assets (4) and to the corresponding optimal set (B™, B™" and
BY N, respectively). The optimal set for each strategy is computed as in the previous tables. For each dataset, CERs
are computed using a rolling window approach with window length 120 or 240 and two values for the coefficient of
relative risk aversion (1 and 3). Finally, we report in parenthesis the number of optimal assets | BY| for each strategy,
as well as the CERs on the N-assets mean-variance and minimum variance rules estimated using the whole sample
(In sample mv and In sample min, respectively).

5 Country 10 Industry 25 Size & 50 S&P 500
Indices Portfolios Book-to-Market Stocks
Portfolios
Panel A: v =1
T
Strategy 120 240 120 240 120 240 120 240
In sample mv (A) 750 7.50 28.02  28.02 227.28  227.28 46.68  46.68
Sample mv (A) -33.08 -12.92  -63.51 -20.86  -325.20  -37.63  -927.46 -208.25
Sample mv (B™) -2.35 10.01 16.53 19.76 95.54 114.77 8.41  13.59
| B (1) (1) (1) (2) (4) (5) (3) (5)
In sample min (A) 424 424 795  7.95 14.29 1429 471 4Tl
Sample min (A) 428 421 810  8.70 1691 15.58 -1.84 1.39
Sample min (B™™) 504 4.32 1015 10.39 21.02 2114 7.11 7.11
| B (2) (2) (4) (4) (2) (2) 1) (1)
1/N (4) 313 3.13 724 724 7.58 7.58 8.02  8.02
1/N (BYN) 6.96  6.96 922  9.22 1113 1113 833  8.33
2 m 2 @ m W Mm
Panel B: v =3
T
Strategy 120 240 120 240 120 240 120 240
In sample mv (A) 250 2,50 934 9.34 75.76  75.76 1556 15.56
Sample mv (A) 1103 <431 -21.17  -6.95  -10840  -1254  -309.15  -69.42
Sample mv (B™) 0.78  3.34 551 6.59 31.85  38.26 280 453
| B (1) (1) (1) (2) (4) (5) (3) (5)
In sample min (A) 233 2.33 6.56  6.56 13.11 6.56 413 413
Sample min (A) 254  2.33 659  7.10 14.17 7.10 320 037
Sample min (B™™) 313 237 8.23  8.48 19.01 8.48 241 3.4
|B™| (2) (2) (4) (4) (2) (2) (4) (4)
1/N (4) 1 1 536 5.36 5.09 5.09 620  6.20
1/N (BYY) 4.98  4.98 741 741 8.04 8.04 6.49  6.49
|BYY| o @ © VNN €Y CINNC)
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Table XI: The asset allocation puzzle

This table illustrates a potential explanation to the asset allocation puzzle discussed in subsection C of Section IV.
A market of a bond (b), a stock (s) and a riskless asset is considered. The annual mean and standard deviation of
the excess return on the bond are assumed to be 0.04 and 0.1, respectively, whereas the corresponding moments for
the stock are 0.08 and 0.2. The covariance between these assets is zero. The table reports the average (annualized
and percentage) expected utilities of a mean-variance investor for the sample mean-variance strategy (p™"), the
sample global minimum variance strategy (p™®) and the 1/N strategy (p'/Y) in the set of assets which maximise
out-of-sample performance (B™Y, B™" and BY N, respectively). These optimal sets of assets and the ex ante
portfolio weights (w? (BY)) are also reported. We derive these quantities for two sample sizes T (120 and 240) and
two values for the coefficient of relative risk aversion (1 and 3).

y=1 v=3
T

120 240 120 240
(M (p™ (B™))) 2.5  5.34 0.83 1.78
B {or  {o} {o} {v}
w™ (BM™Y) (4,0)  (4,0) (1.3,00  (1.3,0)
M (p™™ (BI™)) 6 6 3.59 3.6
B {s}  {s} {b,s} {b, s}
w™™ (BIM) (0,1)  (0,1) (0.8,0.2) (0.8,0.2)
M (pl/N (Bi/N)) 6 6 412 412
B/ {s} {s} {b,s}  {b,s}
W'/ (BIV) 0,1) (01)  (0.505) (0.5,0.5)
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Table XII: Expected utilities in the practical implementation of optimal asset selection

For each one of the 4 datasets listed in Table I, this table reports the average (annualized and percentage) expected
utility of a mean-variance investor for the sample mean-variance strategy (Sample mv), the sample global minimum
variance strategy (Sample min) and the 1/N strategy when they are applied to all available assets (A) and to
the estimated set of assets which maximises out-of-sample performance (Bf‘v, B™» and BN respectively). The
estimates of the optimal set for each strategy and the expected utilities are computed in 10,000 simulated datasets
of normal i.i.d returns with mean and covariance matrix calibrated using the corresponding original dataset. The
estimations are performed by following the suggestions of Section V. We derive utilities for four sample sizes T' (120,
240, 360 and 480) and two values for the coefficient of relative risk aversion (1 and 3).

Panel A: 5 Country Stock Indices

y=1 y=3
T
Strategy 120 240 360 480 120 240 360 480
Sample mv (A) -20.85  -4.59 043 273 693 -148 0.4 0.90
Sample mv (B™) -0.56 355 5.19  5.96 022 124 175 1.99
Sample min (A) 4.86 4.87 488  4.88 2.77 2.83 2.85 2.86
Sample min (B™") 426 439 454  4.83 211 232 260 270
1/N (A) 3.99 399 399  3.99 153 153 153  1.53
1/N (By/'™) 416 438 454  4.61 1.80 202 215 224

Panel B: 10 Industry Portfolios

y=1 vy=3
T
Strategy 120 240 360 480 120 240 360 480
Sample mv (A) 52,15 -10.94  -0.37  4.79 -17.50  -3.79  -0.07  1.57
Sample mv (B™) -5.46 567 8.96 10.72 -1.63  1.86 3.01 3.55
Sample min (A) 498 500 502  5.02 349 3.58 3.61 3.63
Sample min (B™")  5.82  6.11 6.27  6.42 3.59 3.95 4.22 4.37
1/N (A) 546 546 546  5.46 345 345 345 345
1/N (BY™) 560 587 6.04  6.19 3.47  3.69 3.89  4.00
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Table XII (continued)

Panel C: 25 Size and Book-to-Market Portfolios

y=1 y=3
T
Strategy 120 240 360 480 120 240 360 480
Sample mv (A) -204.60 20.29 68.41  87.62 -70.95 6.79 22.61 29.35
Sample mv (B™Y) 41.86 70.56 78.78 89.87 13.65 23.37 26.15 30.42
Sample min (A) 9.99 10.06  10.11  10.15 8.42 8.68 8.71 8.78
Sample min (B™) 15.32 16.04 16.72  16.83 12.68 13.11 1365 13.85
1/N (A) 7.26 7.26 7.26 7.26 4.32 4.32 4.32 4.32
1/N (BYN) 9.28 9.85 10.28  10.59 5.53 6.09 6.52 6.81

Panel D: 50 S&P 500 Stocks

T
Strategy 120 240 360 480 120 240 360 480
Sample mv (A) -1527.97 -215.39  -69.31 -17.42 -505.70  -75.13 -22.80  -6.12
Sample mv (B™) -8.00 6.75 15.24 18.98 237 230 500 @ 6.34
Sample min (A) 6.13 6.35 643  6.43 410 493 506  5.14
Sample min (B™") 932 1051 1145 11.79 507 640 7.4  7.46
1/N (A) 7.61 761 761 7.6l 505 505 505  5.05
1/N (B™) 9.66 10.84 11.92 12.46 5.17 6.41 17.30 17.84
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Figure 1: Expected out-of-sample performance of the sample mean-variance portfolio as a
function of the number of assets (N = 10)

This figure shows the expected utility of a mean variance investor for the er ante mean-variance strategy (solid
line) and the average expected utility for the sample-based mean-variance strategy (dashed line) as a function of
the number of optimally chosen assets. For each number of assets n, these strategies are applied to the set of assets

that maximises the squared Sharpe ratio of the ez ante mean-variance portfolio (By" = arg max Smv (B)). The
S n

parameters that define this set and the corresponding utilities are calibrated using the excess returns on the 10
industry portfolios (Table I). Each panel in this figure corresponds to a different sample size (120, 240, 360 and 480,
respectively). The value for the coefficient of relative risk aversion is 1.
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Figure 2: Expected out-of-sample performance of the sample mean-variance portfolio as a
function of the number of assets (N = 25)

This figure shows the expected utility of a mean variance investor for the er ante mean-variance strategy (solid
line) and the average expected utility for the sample-based mean-variance strategy (dashed line) as a function of
the number of optimally chosen assets. For each number of assets n, these strategies are applied to the set of assets
that maximises the squared Sharpe ratio of the ez ante mean-variance portfolio (By" = arg max Smv (B)). The

parameters that define this set and the corresponding utilities are calibrated using the excess returns on the 25 size
and book-to-market portfolios (Table I). Each panel in this figure corresponds to a different sample size (120, 240,
360 and 480, respectively). The value for the coefficient of relative risk aversion is 1.
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Figure 3: Comparison between the performance of the mean-variance strategy and its
alternatives

This figure shows the average expected utility of a mean variance investor for the sample mean-variance strategy
(solid line) and the average expected utilities for the sample global minimum variance portfolio (dashed line in
Panel A) and the 1/N rule (dashed line in Panel B) as a function of the number of optimally chosen assets. For
each number of assets n, each strategy is applied to the set of assets that maximizes its out-of-sample performance
(BE = arg nax M (p(B))). The parameters that define this set and the corresponding utilities are calibrated using

the excess returns on the 10 industry portfolios (Table I). The sample size is 240 and the coefficient of relative risk
aversion is equal to 1.
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Figure 4: Out-of-sample Sharpe ratio as a function of the number assets

This figure shows the Sharpe ratio of the ex ante mean-variance strategy (solid line) and the average out-of-sample
Sharpe ratio for the sample-based mean-variance strategy (dashed line) as a function of the number of optimally
chosen assets. For each number of assets n, the strategies are applied to the set of assets that maximises the squared
Sharpe ratio of the ex ante mean-variance portfolio (Bp¥ = arg Jnax Smv (B)). The parameters that define this set

and the corresponding utilities are calibrated using the excess returns on the 10 industry portfolios (Table I). The
computation of the out-of-sample Sharpe ratios are from 10,000 simulated datasets of normal i.i.d returns with mean
and covariance matrix calibrated from the actual data. The sample size is 240 and the coefficient of relative risk
aversion is equal to 1.
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